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Noncohesive granular materials in slowly rotated containers mix by discrete 
avalanches; such a process can be described mathematically as a mapping of avalanch- 
ing wedges. A natural decomposition is thus proposed: a geometrical part consisting of a 
mapping wedge + wedge, which captures large-scale aspects of the problem; a dynami- 
cal part confined to the avalanche itself; which captures details emanating from differ- 
ences in size/density/morphology. Both viewpoints are developed and comparisons with 
experiments are used to verifi the predictions of the models. In this article, we develop a 
model of granular mixing and show how to extend the model in order that it may: ( I )  
handle complicated geometries, (2) be applicable for 3-0  mixers, (3) rapidly test mixing 
enhancement strategies, and (4) incoiporate differences in particle properties. In addi- 
tion, an optimal fill level is determined for several 2-0 mixing geometries, and a novel 
hybrid - geometncal/dynamicaI - computational technique is proposed. By mew.ng 
the geometrical and dynamical viewpoints, this technique reduces the computational 
time of a typical molecular-dynamics-type simulation by a factor of 15. The ultimate 
goal is to provide fundamental understanding and tools for the rational design and 
optimization of granular mixing devices. 

introduction 
A fundamental understanding of mixing and blending of 

granular materials can be beneficial to a wide range of indus- 
tries: pharmaceuticals, metallurgy, ceramics, composites, 
polymers, food processing, and agriculture, to name a few. 
Yet, in relation to its industrial prevalence, our understand- 
ing of granular mixing lags considerably when compared to 
that of, for example, liquid mixing (Ottino, 1990). While fun- 
damental solids mixing mechanisms (Lacey, 1954) have been 
energetically studied by investigators over the years (see, for 
example, Weidenbaum, 1958; Hogg et al., 1966; Bridgewater 
et al., 1968, 1985), a synthesis of these fundamentals into a 
coherent mixing description has been elusive. In fact, despite 
a substantial amount of work done during the past few years 
in granular mechanics (Jaeger and Nagel, 1992; Behringer, 
1993; Mehta, 1994; Weitz, 1994) and powder mixing (Bridg- 
water, 1976; Fan et al., 1990; Poux et al., 1991), we do not 
have a full understanding of even the simplest case of two 
identical powders in a slowly rotated container. 
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Possibly the biggest hindrance to an understanding of slow 
solids mixing is that there is no accepted set of governing 
equations-as in the companion case of liquid mixing (Ot- 
tino, 1990). Moreover, due to the fact that stress in granular 
materials is principally carried in “stress chains” (Liu et al., 
1995), it is not even assured that a continuum approach is 
generally applicable. This lack of a universal mathematical 
description can be attributed to the intrinsic physical com- 
plexity of these problems, and also, in part, to the difficulty 
in experimentally measuring the bulk properties-stress, 
strain, voidage, and so on-which would be necessary in a 
continuum description of a granular flow. While there have 
been notable advances in noninvasive experimental methods 
[positron tomography (Broadbelt et al., 1993); nuclear mag- 
netic resonance (Nakagawa et al., 19943); and gamma ray to- 
mography (Nikitidis et al., 1994)], which circumvent problems 
associated with bed opacity and allow for the measurement 
of valuable information-particle positions, velocity profiles, 
and void fraction-it is apparent that a continuum approach 
has achieved only limited success in mixing problems, the pri- 
mary field of use being restricted to “fast flow” situations 
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(Campbell, 1989). Similarly, other approaches to modeling 
granular flows-statistical mechanics (Mehta and Edwards, 
1989) and cellular automata (Baxter and Behringer, 
1991)-while useful in certain regimes, are not general for all 
types of granular flow and have not been successfully used as 
a predictive tool in granular mixing. 

In contrast, the interactions of individual grains pose a 
much more tractable problem, both experimentally and theo- 
retically, and much is known in this area (Hertz, 1881; 
Mindlin, 1949). The ever increasing power and efficiency of 
modern computers, as well as the view that particle-particle 
interactions are relatively well understood, recently have 
prompted researchers to turn to molecular dynamics-like 
methods of investigation (Walton, 1993; Tsuji, 1993; Lee and 
Herrmann, 1993). This type of particle dynamics model seems 
tailor-made for mixing applications, where particle properties 
are allowed to vary on a particle-by-particle basis, and de- 
tailed mixed structure is easily captured and visualized. The 
application of thece methods to mixing, however, is still in its 
infancy and much remains to be done. 

In this article, we develop a model of granular mixing, ver- 
ify it with experiments, and show how to extend the model in 
order that it may: (1) handle complicated geometries, (2) be 
applicable for 3-D mixers, (3) rapidly test mixing enhance- 
ment strategies, (4) incorporate different particle properties. 
Our philosophy throughout this article is to take the simplest 
description consistent with experiment and progressively ex- 
pand its scope. A geometrical model for tumbler mixers is 
described, applied to a variety of simple 2-D geometries, and 
compared to experiment for mixing patterns, mixing rates, and 
mixing efficiencies. This method is used to test strategies for 
mixing enhancement in 2- and 3-D containers, stretching the 
ideas to include baffles, general nonconvex domains, and 
time-varying avalanches. This article also discusses physical 
effects not captured by geometric modeling alone and limita- 
tions of the purely geometric viewpoint. After a brief review 
of particle dynamics methods, we propose a novel way to 
combine particle dynamics with geometric modeling to create 
a highly efficient hybrid computational method. Finally, we 
conclude with an outlook on promising areas of inquiry in 
granular mixing. 

Mixing by Tumbling: A Geometrical View 
Tumblers are perhaps the most common of solids process- 

ing devices; industrial examples include mixers [such as hori- 
zontal drum mixers (Carley-Macauly and Donald, 1962); 
V-blenders (Carley-Macauly and Donald, 1964); and double- 
cone blenders (Wang and Fan, 197411; rotary furnaces such as 
coke calcining and alumina calcining kilns (Perron and Bui, 
1990; Perron et al., 1992; Bui et al., 19931, as well as a variety 
of coating operations. A tumbler refers to any hollow 
vessel which is partially filled with granular material and ro- 
tated, so that a circulating flow is produced. Tumblers exhibit 
different flow regimes-avalanching, slumping, rolling, cas- 
cading, raining, and centrifuging-depending on the rota- 
tional speed (Zablotny, 1965), and the literature contains 
several naming conventions for these regimes. This article will 
focus primarily on the simplest regime-from the viewpoint 
of mixing and granular flow-the avalanching regime, where 
each avalanche completes its descent before another 
avalanche begins. The ideas, however, can be extended ana- 
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Figure 1. Movement of a wedge of material. 
When a granular material exceeds its maximum angle of sta- 
bility (left), an avalanche occurs and the surface relaxes to 
the material’s angle of repose (right). When this avalanche 
occurs, the dark gray material moves from the top of the 
surface to the bottom as shown. 

lytically with little difficulty to the case in which the avalanch- 
ing wedges are infinitesimally small, thus presumably captur- 
ing some aspects of the case of the continuously avalanching 
regime (Peralt and Yorke, 1995). [The real case is more com- 
plicated; a continuously avalanching flow involves a lens- 
shaped moving layer with a shear-like velocity profile 
(Khakhar et al., 19971.1 

In a slowly rotated container, the bulk of the granular ma- 
terial moves as a solid body, while a wedge-shaped region 
periodically avalanches. When the granular material exceeds 
its maximum angle of stability, often termed its dynamic an- 
gle of repose, the elevated material falls down the free sur- 
face until the material reaches its static angle of repose. The 
net effect of this avalanche is that a quantity of material-a 
“wedge”-is moved from the upper portion of the surface to 
the lower portion of the surface (see Figure 1). Although the 
exact mechanism of the motion during an avalanche and the 
detailed dynamics involved are not well understood (this will 
be discussed more fully later), this simple geometrical fact 
yields valuable insights. The key observation is that the net 
transport in a slowly rotated container can be separated into 
two parts: transport of wedges (geometrical); and transport 
within wedges (dynamical). By decomposing the problem in 
this way, it is possible to study the implications of the geome- 
try and dynamics separately and to add complexities in a con- 
trolled fashion. This allows even seemingly difficult problems 
(such as mixing in nonconvex geometries, and mixing of dis- 
similar particles) to be probed in a simple yet methodical way. 

Simple Geometries 
For problems involving the mixing of two similar, noncohe- 

sive powders-in the limit where they differ only in 
color-geometrical effects dominate and the mixing within a 
wedge is well described by one of the simplest wedge dynam- 
ics, perfect (random) mixing (Metcalfe et al., 1995). The most 
straightforward use of this approach is to study mixing in uni- 
formly-convex 2-D containers such as a circle, a square, a tri- 
angle, and so on. In these geometries, the material is allowed 
to fall freely down the surface and the location of the 
avalanching material both before and after the avalanche is 
easily determined via conservation of mass (with the addi- 
tional constraint that bed density remains constant, a simpli- 
fying assumption that does not cause perceptible error in the 
cases studied). 

Figure 2 illustrates the behavior predicted by geometry 
alone. As a mixer slowly rotates, the material inside moves 
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important geometric entities: the fill level and the center of 
mass of the mixer. Obviously, material confined to the core 
does not participate in mixing, however, the material around 
the core mixes faster as the fill level increases and wedge 
intersections re-emerge. 

The degree of mixing can be measured in terms of interfa- 
cial length per unit area (Mohanty et al., 1982). As mixing 
proceeds, the number of contacts between dissimilar particles 
increases; hence, the interfacial length per unit area (or in 
3-D, the interfacial area per unit volume) increases. In the 
simulations, this length refers to the contact between parti- 
cles on an imposed computational grid, while in the experi- 
ments this length is measured as contacts between pixels of a 
digitized image. The maximum value of the interfacial length 
per unit area for random mixing is one (Wolf, 1995). 

For each fill level, the growth of the interface can be fit to 
an exponential curve. The product of the rate constant for 
the growth multiplied by the amount of material being mixed 
can be used as a measure of the overall mixing efficiency. 
Figure 4 shows computer simulation data of how the effi- 
ciency varies with fill level in the case of a circular 
mixer-these data are in agreement with experimental re- 
sults (Metcalfe et al., 1995). For a circular cross-section, one 
can recognize core onset by the minimum, where mixing effi- 
ciency is nearly zero, which occurs at f = 0.5. It is interesting 
to note that the efficiency will only reach zero in the ideal- 
ized case where the number of avalanches per revolution is 
an integer and the interface between the species lies on a 
wedge boundary. In real systems, neither condition will be 
met exactly and mixing will proceed slowly outward from the 
original wedge which contains the material interface. The data 
illustrate the presence of two maxima, one before and one 
after core onset. Clearly, the maximum which precedes core 
onset is more efficient and in general, except at fill levels 
very close to empty or to core onset, mixing is more efficient 
before core formation than afterwards. This trend holds true 
for all other geometries studied as well. A complete account, 
including asymmetric geometries, appears in Wolf (1995). Let 
us consider a few of the most important points. 

The results for a computer simulation on an equilaterial 
triangle appear in Figure 5. The efficiency of the maximum 
before core onset is almost ten percent higher than that for 
the circle at an approximately equal value of the mass frac- 
tion. Thus, for mixers of equal area filled to the same mass 
fraction, the triangle mixes more efficiently than the circle 
found in industry. A general survey of results for the shapes 
researched appears in Table 1. 

3-D Geometries 
As in the case of the 2-D geometries in the previous sec- 

tion, the first step towards building an understanding of the 
mixing process in 3-D rotated containers is to examine the 
idealized case of mechanically identical particles in a uni- 
formly convex container. In 3-D rotated containers, wedge 
shapes vary in a complex way, but the same idea holds: 
avalanches move material from the upper portion of the sur- 
face to the lower, and mixing within the wedge of material 
occurs only during the avalanche. Similarly, the predictions 
made in the previous section (that is, faster mixing at low fill 
levels, formation of a core, and slower mixing at high fill lev- 
els) are still valid in describing the radial mixing, that is, mix- 

Figure 2. Motion of wedges in a circle and square 
shaped tumbling mixer. 
Shown are three fill levels, f = 0.25, f = 0.5, f = 0.75. Dur- 
ing an avalanche, the dark wedge falls to the position of the 
light wedge, and mixing occurs. Note the wedge intersec- 
tions for f =  0.25 (that is, material in one wedge will enter a 
new wedge upon further rotation, enhancing interwedge 
mixing), there are no wedge intersections for f = 0.5, and 
the formation of a core for f = 0.75 (that is, centrally lo- 
cated material which never participates in an avalanche and 
therefore never mixes). 

with the mixer as a solid body until it reaches the dynamic 
angle of repose. At this point, a wedge of material avalanches 
so that the material surface returns to a stable configuration. 
As previously mentioned, for two similar, noncohesive pow- 
ders, a random map can be used to determine where the 
individual particles go within the destination wedge. This 
simple model captures the essential behavior of the system, 
which is characterized by f the fill level-the height to which 
the mixer has been filled with material. A comparison of mix- 
ing simulations with experiments in circular and triangular 
mixers is shown in Figure 3. 

The key to understanding the mixing process lies in the 
quadrilateral intersections between wedges. For each fill level, 
one can draw a diagram to follow the motion of a wedge of 
material as it travels clockwise from its original position to its 
avalanche position (cf. Figure 2). Doing this demonstrates the 
relevance of the fill level. At low fill levels, there are many 
wedge intersections, so a portion of any wedge-a quadrilat- 
eral region-eventually finds itself being part of another 
wedge, thus enhancing interwedge mixing. As the fill level 
increases, a point is reached where the wedge intersections 
vanish. The mixing is slowed since no wedge of material can 
mix with any other wedge. In fact, this fill level, which occurs 
when the surface of the material remains above the center of 
mass of the mixer throughout the entire rotation, constitutes 
a minimum in the mixing rate (Wolf, 1995). Once past this fill 
level, another phenomenon occurs: core formation. Here, the 
wedges do not encompass the entire breadth of the material, 
and, as a result, a region of material-a core-does not get 
included in the avalanching process. This region only rotates 
with the mixer itself and does not get mixed at all. The core 
size increases with the fill level until finally the container is 
full, at which point no avalanching can occur and mixing stops. 

From these observations of the model behavior, one can 
deduce that the efficiency of the mixer depends upon two 
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Figure 3. Mixing patterns from simulation and experiment after two revolutions at the indicated fill levels f .  
Simulations (a,c) and experiments (b, d) for a circular and triangular cross section, respectively. To initialize an experiment (simulation), 
different colored material (red, blue; red, yellow) is loaded side by side with red on the right and blue (yellow) on the left. 

ing perpendicular to the axis of rotation of the mixer. 
However, wedge movement alone provides no information 
regarding the axial mixing, that is, mixing parallel to the axis 
of rotation. In order to model the mixing within a 3-D wedge, 
some criterion for how the particles mix parallel to the axis of 
rotation must be incorporated into the dynamics within the 
wedge. 

Several studies have dealt with axial mixing of mechani- 
cally identical particles (Hirosue, 1980; Rutgers, 196.5; Car- 
ley-Macauly and Donald, 1962; Hogg et al., 1966a; Hwang 
and Hogg, 1980; Kaye and Sparrow, 1964). These investiga- 
tions have demonstrated that this process is well described by 
a cross-sectionally averaged diffusion equation. Thus, for the 
case of mechanically identical particles, a 3-D map of the 
mixing within a wedge should have two parts, each described 
by random distributions. The radial mixing will occur via a 
uniform random distribution, while the axial mixing will oc- 
cur via a Gaussian random distribution (Figure 6). 

By making a straightforward modification of the random 

map of the previous section, diffusion parallel to the axis of 
rotation can be included and realistic simulation of 3-D 
wedges can be achieved. While the particles within the wedge 
still move randomly in the radial direction, the possible axial 
positions of the particles are weighted so that the probability 
of a particle moving a distance Az along the mixer axis obeys 
a Gaussian distribution. This model can be verified as fol- 
lows: consider a cylindrical mixer whose initial condition has 
a marker particle concentration of 1.0 for - L < z < 0 and 
0.0 for 0 < z < L. The centroid of the marker material begins 
at z = 0.5 L and eventually decays to z = 0. By calculation 
of the centroid of either component, a quantitative compari- 
son between theory, experiment, and simulation can be made. 
Figure 7 shows the position of the centroid of the marker 
particles vs. nondimensional time as calculated from a mixing 
simulation-using this model, the analytical solution of the 
diffusion equation and experimental data (Hogg et al., 1966b) 
-time is made dimensionless with the mixer length and the 
diffusion coefficient from the analytical solution. 
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Mixing efficiency in a 2-D mixer with a circular 
crosssection. 
For each fill level, the growth of the interface with time is fit 
to an exponential. The rate constant for the growth is multi- 
plied by the amount of material being mixed, the core being 
excluded, to obtain the overall mixing efficiency. From this 
curve the optimum fill level is found to occur at approxi- 
mately f = 0.25, and core onset occurs at f = 0.5. 

Strategies for Mixing Enhancement 
Using the geometric view of a tumbling mixer as expressed 

in the previous two sections, we can rapidly and easily ex- 
plore strategies for mixer optimization. In this section we ex- 
amine the role of baffles in the context of general nonconvex 
container shapes, and the effects on 3-D axial mixing of 
time-dependent changes to avalanching through the mecha- 
nism of wobbling. 

Nonconvex/hmd geometries 
Very little is known from a theoretical viewpoint about the 

effects of baffles on mixing of solids, even in cases restricted 
to 2-D situations. Our experiments indicate that baffles pro- 
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Figure 5. Mixing efficiency in a 2-D mixer with a triangu- 
lar cross-section. 
The overall mixing efficiency is calculated as  in Figure 4. 
This geometry exhibits an overall optimum at approximately 
f = 0.15, a minimum at core onset (f= 0.31, and a second 
minimum at f = 0.5. 
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Table 1. Eficiency Data for Various 2-D Shapes 

Optimum Core Onset _ _ _ ~  
Fill Mass Max. Fill Mass No. of 

Shape Level Fraction Efficiency Level Fraction Maxima 
Circle 0.25 0.20 0.72 0.50 0.50 2 
Hexagon 0.25 0.21 0.71 0.50 0.50 2 
Pentagon 0.25 0.22 0.73 0.45 0.50 3 
Square 0.25 0.25 0.73 0.50 0.50 2 
Triangle 0.15 0.28 0.88 0.33 0.55 3 

vide negligible function in most 2-D solids mixing applica- 
tions, with a subtle exception. Judiciously deployed baffles 
can erode the unmixed core through a curious mechanism. 
Figure 8 shows a representation of the observed effect. An 
even number of uniformly spaced baffles have no effect on 
the core; similarly, baffles intruding into the mixing vessel do 
not affect the core behavior. However, an odd number of 
uniformly spaced, outwardly protruding baffles (or any num- 
ber of nonuniformly spaced baffles) generate the following 
sequence of events. First, as shown in Figures 8a-8b, the 
protruding baffle partially fills with grains following an 
avalanche. However, a void (arrow) can be created when part 
of the baffle obstructs the flow. This void is typically sus- 
tained by arching of granular material above the baffle as the 
mixer continues to rotate (Figures 8b-8c). Finally, the arch 
collapses, and at that point the bulk of material in the con- 
tainer-including the core-shifts toward the baffle, as indi- 
cated in Figure 8d. 

In controlled experiments in our laboratory, we have con- 
firmed that although the cores of mixing containers with an 
odd number of uniformly spaced and protruding baffles 
steadily erode, no such effect is seen in vessels with simple 
intruding baffles, and their cores are static over time. Inter- 
estingly, vessels with uniformly spaced, even numbers of pro- 
truding baffles, do not erode their cores either. The reason 
for this is that in these vessels, each shifting event in one 
direction is paired with a shifting event in the opposite direc- 
tion. So, although the core may be slightly smaller than it 

Figure 6. Mixing in a 3-0 wedge of material. 
For mechanically identical particles, when the upper wedge 
(gray) falls to the lower position (white), mixing along the 
axis of rotation is diffusive, and mixing in the radial direc- 
tion is random. 
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Axial mixing in a 3-D drum. 
Axial mixing of granular materials can be modeled as a dif- 
fusive process. Shown is a comparison plot of the normal- 
ized position of the centroid of one of the species vs. dimen- 
sionless time for an experiment (Hogg et al., 1966b), a simu- 
lation using the 3-D model, and the analytical solution ob- 
tained using the diffusion equation. 

would otherwise be, there is no steady motion of the core 
and it remains intact for essentially all time. 

A final test of the mechanism illustrated in Figure 8 is de- 
picted in Figure 9. If one constructs a chiral mixing container 
-such as the mixer in Figure 9-it is possible to obtain dif- 
ferent mixing behaviors for different directions of rotation of 
the container. If we rotate the container shown in Figure 9 
clockwise (top), the baffles should fill completely following an 
avalanche, while if we rotate it counterclockwise (bottom), a 
void can form within the baffles causing the core to shift as 
shown. Experiments confirm that this effect does occur as 
predicted (Figure 10). 

Effects of wobbling 
Tumbling mixers have been fashioned in a variety of shapes 

and configurations over the years in an attempt to produce 
more efficient mixing (Wang and Fan, 1974; Carley-Macauly 
and Donald, 1962, 1964). In most instances designs are ad 
hoc. However, with a full 3-D description of the geometrical 
effects in a tumbling mixer, new insights into the behavior of 

Figure 8. Core erosion. 
Geometries with an odd number of uniformly spaced, out- 
wardly protruding baffles erode the core. As the mixer ro- 
tates (a-d), an avalanche cannot completely fill the baffle 
and a void forms. Arching of the material will preserve this 
void for some time. When the arch collapses, the core shifts 
and a portion of the core enters the mixing region. 
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Figure 9. Core erosion in an asymmetric container. 
Prediction: core erosion in chiral containers occurs for one 
direction of rotation but not another. Notice that for clock- 
wise rotation, avalanches can freely fill arms of star, but not 
for counterclockwise rotation. 

real slowly rotated mixers become available, and design im- 
provements can be readily verified. 

As was discussed in the previous section, axial transport in 
a tumbler limits the rate at which material can be mixed in a 
3-D tumbler. There have been, over the past decade, ample 
demonstrations of the beneficial effects of time periodic op- 
eration in improving mixing efficiency in viscous fluids (Ot- 
tino et al., 1992). However, time periodic operation may leave 
unmixed islands which may be destroyed by other modes of 
operation (Franjione et al., 1989) or by combinations of two 
frequencies. Immediate parallels can be drawn with the pre- 
sent case of powder mixing (Wightman et al., 1995). Thus, 
one method of overcoming the obstacle of slow axial mixing 
is to wobble the tumbler-for example, for every revolution 
of the tumbler, allow the axis of rotation of the mixer to sinu- 
soidally move vertically. Figure 11 shows this motion. In addi- 
tion to avalanches perpendicular to the axis of rotation, which 
are caused by rotation alone, wobbling causes avalanches to 
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Figure 10. Core erosion in an asymmetric container. 

Results of two core-erosion experiments with a bent star. 
In the first case the star was rotated counterclockwise and 
the core eroded by approximately 50%, in the second case 
the core eroded essentially completely. 
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Figure 11. Wobbling motion. 
Wobbling enhances axially mixing. When a drum is wob- 
bled, avalanches occur along the mixer axis as well as per- 
pendicular to the axis (as in a purely rotated drum). 

occur parallel to the axis of rotation. These extra avalanches 
move material from one end of the tumbler to the other. Thus, 
the rapid radial mixing disperses the material more quickly 
than axial diffusion alone could, effectively enhancing axial 
transport. 

Figure 12 shows the relative enhancement of axial trans- 
port as a function of the ratio of the number of ava- 
lanches-wobbling to rotational. The cylinder has an aspect 
ratio (length to diameter) of 2 to 1, and the mixer is filled to 
a fill level of f = 0.4. The wobbling motion is discrete-that 
is, in the one-to-one case, the cylinder is rotated until an 
avalanche occurs and then it is wobbled until an avalanche 
occurs and so on. It was found that this mixing protocol pro- 
duces maximum mixedness at one wobbling avalanche per two 
rotational avalanches. This wobbling scheme is but one exam- 
ple of a mixer improvement whose effectiveness can be inves- 
tigated quickly and easily with a 3-D model of a tumbling 
mixer. 

Limitations of the Geometrical Viewpoint: 
Precession 

The central core of Figure 3 can be a spectacular visual 
feature-and a spectacular impediment to mixing. In the 
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model of the second sed ion ,  .he core has a purely geometri- 
cal origin, implying thc core \huuld appear for any material 
or container. Figure 13 illustrates this point. This case corre- 
sponds to the mixing of two powders with size, shape, and 
density differences-red particles are smaller, cubic, and 
more dense; green particles are larger, spherical, and less 
dense; the size ratio is about 3 to 1. While the core periphery 
is undoubtedly different than that in Figure 3, the geometri- 
cally predicted circular core is apparent. 

Nevertheless, as we shall show, the core displays physical 
effects not contained in the simplest version of the model. In 
this section we show how the simplest geometric ideas about 
the core may be modified by inclusion of a surface boundary 
layer and a precessional rotation. 

Further geometrical modeling can easily include the effect 
of the boundary layer. From geometrical considerations, we 
can calculate how the core grows with f. By assuming a 
boundary layer of width 6, we can calculate a reduction in 
size and a delay in onset due to the boundary layer. Then, by 
measurements of the core area vs. f we can back calculate 6. 
Interestingly, for the half dozen or so materials we have ex- 
amined in this way, the boundary layer is consistently about 6 
particle diameters. Agreement between the calculated 6 and 
the visually observed boundary depth is a satisfying self-con- 
sistency check. Figure 14 compares two square-shaped mix- 
ers, a modified simulation including a boundary layer and an 
experiment. In this simulation, the boundary layer is included 
as follows: A typical boundary layer depth is chosen (here six 
particle diameters), the material down-slope of the avalanch- 
ing wedge and within this depth is allowed to mix within it- 
self, but not with the newly formed wedge, as it is sheared by 
the passing avalanche. One mechanism, core precession, 
however, cannot be captured by geometry alone. 
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Avalanche Ratio 
Figure 12. Axial mixing enhancement as a function of 

the ratio of the number of avalanches. 
Ratio of the effective diffusion coefficient for a wobbling 
simulation to that of pure diffusion (no wobbling), are 
plotted vs. the ratio of the number of avalanches-wob- 
bling to rotational. Note that a maximum occurs at one 
wobbling avalanche per two rotational avalanches. 

Figure '"' Origin Of the 'Ore' 
The materials being mixed are small, dense, cubic particles 
and large, light, spherical particles. Mixing within wedges 
is dramatically different than in Figure 3; however, the core 
is evident despite this difference. 
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Figure 14. Mixing simulation including a boundary layer. 
A comparison of an experiment and a simulation of a 2-D mixer with a square cross-section. Here, the simulation is modified in order to 
include a thin surface boundary layer. 

Core precession is illustrated in Figure 15. After every full 
revolution of the container, the line demarking the initial in- 
terface between the colored grains should return to its origi- 
nal orientation. For a small number of revolutions, it does 
appear to do so. However, for a large number of revolutions 
-the exact number of revolutions differs for each material, 

yet it is generally well beyond a practical number of revolu- 
tions for mixing-the phenomenon is clearIy evident (cf. Fig- 
ure 15). The line rotates past its original position in the direc- 
tion of the container rotation. While precession does not af- 
fect mixing in a circular mixer, it is nevertheless relevant to 
mixing in noncircular containers whose cores are not rota- 

Figure 15. Core precession. 
A comparison between two experimental photos of a 2-D mixer with a circular cross-section filled with large cubic particles. The first 
photo (a) is after 3 revolutions and the second (b) is after 40 revolutions. Note that the interface within the core has precessed by 42 
degrees. 
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Figure 16. 

Time (revolutions) 

Precession rates by material. 
Different materials precess at different rates. Shown is a 
comparison of the precession rates of large spherical parti- 
cles, large cubic particles, and small cubic particles. The 
slope of the lines yield precession rates. Note that there is 
more than an order of magnitude difference between the 
precession rate of the large spherical particles and the large 
cubic particles. 

tionally symmetric. Precession rotates these cores into the 
mixing zones where the corners are sheared off, ultimately 
decreasing the size of the core. 

Preliminary experiments have led to three observations re- 
garding core precession. (1) Precession depends on the con- 
tainer shape. Precession is observed in containers of about 
equal width to height ratios-the core does not seem to pre- 
cess in long, thin containers. ( 2 )  The precession rate, that is, 
how many degrees ep the core precesses per container revo- 
lution, depends on the fill level f-the rate is highest just 
above half full and falls to zero for a completely full con- 
tainer. (3) The precession rate depends on the material being 
mixed. 

Figure 16 shows precession measurements for several ma- 
terials. Precession is linear. (At least at the sampling rate 
used. We cannot rule out the possibility that finer measure- 
ments would reveal Op moving in small jumps.) Therefore, 
the precession rates can be obtained from the slopes of the 
lines in Figure 16. There is an order of magnitude difference 
in the rate of change of the angle, Op, between small, cubic 
salt cubes and larger, spherical sugar balls. Since the preces- 
sion rate depends on the material, core precession is an ef- 
fect that does not seem explainable from geometry alone. 

The physical mechanism driving core precession is at 
present obscure, but capturing the behavior may offer a vali- 
dating test for future dynamical models of granular mixing, 
including the particle dynamics models we describe next. 

Particle Dynamics 
We have shown that-for slowly rotated mixers-geomet- 

rical and dynamical aspects of mixing can be decoupled. 
Investigating purely the geometrical aspects can yield consid- 
erable insight and implications of industrial importance, yet 
even slight differences in particle properties may change the 
dynamical aspects drastically. While the geometrical observa- 
tions remain valid, an accurate analysis of the transport within 
the wedges becomes vital to a full.understanding of the mix- 
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ing. When materials with different properties are used, ran- 
dom mixing no longer suffices and the complex dynamics of 
mixing-and segregation-within a wedge must be more re- 
alistically incorporated. As it stands, the model in the previ- 
ous sections cannot answer the following question: how well 
or poorly will a given combination of materials mix? More- 
over, as briefly illustrated in the case of nonconvex geome- 
tries discussed earlier, in complex geometries it is not obvious 
where avalanching material will come to rest. By combining 
particle dynamics techniques with the geometrical model out- 
lined in the previous sections, these difficulties can be allevi- 
ated. 

Particle dynamics simulations capture the macroscopic flow 
of granular materials by calculation of individual particle tra- 
jectories. The time evolution of these trajectories then deter- 
mines the flow of the granular material. Depending on the 
density and character of the flow to be modeled, different 
methods of calculating the trajectories are employed: a rigid 
particle model for low density, fast flow (the grain-inertia 
regime; Campbell and Brennen, 1985); or a soft particle model 
for high density, slow flow (the quasi-static regime; Walton, 
1984). 

In the quasi-static regime, encountered in a slowly rotated 
container, lasting contacts are important and particle density 
is high; thus, a soft particle approach is used (Cundall and 
Strack, 1979). In this model, particle trajectories are deter- 
mined by solving Newton’s equations of motion for each par- 
ticle, where the forces on particles are described by a con- 
tact-dependent force law. The collisions/contacts in this 
model occur simultaneously and have finite duration. The 
particles are allowed to deform, or computationally overlap, 
and the restoring force of the deformed particle is generally 
chosen to agree with Hertz’s (1881) contact theory, with a 
damping term to provide inelasticity. Similarly, the force on a 
particle subject to a tangential load is modeled after the work 
by Mindlin (1949). These force models have been essentially 
unchanged since Cundall and Strack’s (1979) pioneering work. 
A notable exception is the model employed by Walton and 
Braun (1993). In their work, a partially latched spring is used 
in the normal direction, and an incrementally slipping fric- 
tion model, fashioned after the work of Mindlin (1949), is 
used in the tangential direction. 

Numerous investigators have utilized a soft particle method 
in modeling a variety of applications, such as chute flow 
(Walton, 1993), heap formation (Buchholtz and Poschel, 1994; 
Lee and Herrmann, 1993), avalanching (Lee, 1993), hopper 
flow (Tsuji, 1993), and rotating containers (Walton and Braun, 
1993; Tsuji, 1993). While more computationally intensive than 
the rigid particle model, the soft particle method is quite ver- 
satile, capturing both rapid and quasi-static flows with accu- 
racy (Tsuji et al., 1992). 

In what follows we employ force laws similar to those of 
Cundall and Strack (1979). Forces in the normal and tangen- 
tial directions are modeled as nonlinear and linear springs, 
respectively. Hertz (1881) found that the restoring force of 
two deformed elastic spheres in contact is given by 

where a is the difference between the particle separation 
and the sum of their radii (m), and k ,  is the normal spring 

Vol. 42, No. 12 3359 



constant (kg/dii -s2)-which is related to the Young’s mod- 
ulus Y (N/m*) and the Poisson ratio u by 

Merging Geometrical and Dynamical Approaches 
Despite current capabilities and even the prospects of faster 

J2aY 
k, = 

3(1- u ’ )  

where a is the radius of the particle. Similarly, a simplified 
version of Mindlin’s (1949) relation between tangential force 
and displacement is given by 

f, = - k,s 

where s is the relative tangential displace of the particles (m) 
since they first came in contact with each other and k ,  is the 
tangential spring constant (kg/s*)-which is related to the 
normal spring constant by 

k, = K -  k, ,G 

where K is a proportionality constant which depends on the 
Poisson ratio. Dissipation terms are then added to these 
forces to provide realistic particle responses. A dashpot 
(viscous dissipation term) in the normal direction provides 
collision inelasticity-the form is chosen such that normal 
collisions agree with experimental observations, while tan- 
gential dissipation is provided by limiting the tangential force 
to the Coulomb friction law. The complete force laws for the 
normal, f,, and tangential, f,, directions then become 

f, = -min(k,s, pf,) 

The negative sign in the tangential force expression denotes 
the direction opposite of s. A schematic representation of 
these force laws is shown in Figure 17. These forces depend 
on particle coHisions/contacts and are integrated for each 
particle to determine the particle’s trajectory. The  
collision/contact search is performed using an indexed near- 
est-neighbor algorithm, such that the computational time in- 
creases with the number of particles N approximately as N .  
log(N). 

spring 
/ \ 
/ \ 

Normal Tangential 

Figure 17. Particle dynamic force model. 
Typical normal and tangential forces in a soft particle 
model, composed of a spring, dashpot and slider. 

~. 
machines in the near future, it is however apparent that some 
problems of industrial importance may still be out of reach. 
Current particle dynamics simulations in the literature gener- 
ally handle approximately 3,000-5,000 particles, whereas a 
typical industrial mixer may easily contain as many as lo9 
particles-six orders of magnitude more. Clearly, there are 
limits to the problem sizes than can be handled by particle 
dynamics models, but it may be possible to model industrial 
mixers despite these daunting numbers. By combining parti- 
cle dynamics techniques with a geometrically based overview, 
it is possible to limit the number of particles necessary in a 
given simulation. 

In a slowly rotated container, where particle motion con- 
sists of discrete avalanches, nontrivial dynamics are princi- 
pally confined to the avalanching wedge, and the large-scale 
aspects of the problem can be easily handled by a geometri- 
cal approach. Confining the dynamics only where it matters 
-the avalanching wedge of material-results in substantial 
savings of computing time with respect to a full particle dy- 
namics simulation. 

This hybrid simulation technique utilizes the geometrical 
model of the second section with the particle dynamics tech- 
niques of the eighth section. First, the gross motion of the 
particles-solid body rotation-and identification of the par- 
ticles within the avalanching wedge are accomplished using 
the geometrical model alone. At that point, a particle dynam- 
ics simulation, which includes the particles within the wedge 
as well as a boundary layer of particles-chosen such that 
increasing the size of the boundary layer caused no change in 
the result-is used to determine the small-scale dynamics of 
the avalanche itself. Once the avalanche is completed, the 
wedge particles are reassimilated into the bulk, and the geo- 
metrical model is used once again. By including only those 
particles predetermined by geometry to be within the wedge 
(including a shear boundary layer of approximately 5-10 
particles), the number of particles involved in a particle dy- 
namics simulation is typically 1/15 that of the full mixer simu- 
lation-this number depends on the fill level f .  

This increase in computational speed allows simulation of 
as many as 75,000 particles to be accomplished in a reason- 
able period of time, while maintaining the versatility of a par- 
ticle dynamics simulation. In addition, different particle 
properties, such as size/shape/morphology, are easily incor- 
porated. Figure 18 shows a comparison of the mixing in an 
experiment and simulation. The experiment consists of small, 
cubic, dense particles and larger, spherical, less dense parti- 
cles; the simulation, on the other hand, involves small, dense 
particles and large, less dense particles, both being spherical. 
Due to the fact that the parameters necessary to match the 
simulation to the experiment are not known-that is, Young’s 
modulus, Poisson ratio, coefficient of restitution, angle of in- 
ternal friction, and so on-no attempt was made to achieve a 
precise match. Instead, a comparison is made here in order 
to show that it is indeed possible to model segregation effects 
similar to those found experimentally by using this method. It 
is apparent that in both the simulation and the experiment 
the combination of materials does not mix well-radial seg- 
regation of the particles is clearly evident. This simulation 
technique easily captures the large-scale, geometrical fea- 
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(4 
Figure 18. Experiment vs. simulation using the hybrid method. 

Shown is a comparison of experiments (a) and simulations (b) of segregating materials at f =  0.4 and f =  0.75. The simulations easily 
capture the large-scale, geometrical features, such as the core, as well as the smaller-scale, dynamical characteristics like radial segrega- 
tion. The simulation at the top involves 3,000 particles; the simulation at the bottom, 6,000 particles. 

tures, such as the core, as well as the smaller-scale, dynami- 
cal characteristics like radial segregation. 

Outlook 
In this article we developed a picture of mixing of granular 

materials in simple tumblers that can be extended to 
more complicated, and industrially relevant, problems. In 
its simplest form-mixing of two identical cohesionless pow- 
ders-the model can be used to predict mixing rates and effi- 

ciencies in a variety of 2-D mixer geometries. The agreement 
that we have found between the experiment and the model 
has been equally good at all fill levels, and results are gener- 
ated in a tiny fraction of the computational time required by 
particle-dynamics methods. 

Two-dimensional systems, when filled enough, lead to the 
formation of unmixed cores. It was found that a mixer with a 
triangular cross-section-whose optimum occurs at f = 0.15 
-is more efficient than the typical circular cross-section 
mixer-whose optimum occurs at f = 0.25. This technique is 
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easily extendible to include 3-D containers. By including dif- 
fusion along the mixer axis, realistic simulation of simple 3-D 
containers can be achieved. Agreement with experimental 
data is found in this case as well. 

This model can also be used to examine and screen meth- 
ods of mixer optimization. Some of the findings are new: even 
numbers of uniformly spaced, outwardly protruding baffles or 
any number of inwardly protruding baffles do not affect mix- 
ing in 2-D systems; however, nonuniforrnly spaced, outwardly 
protruding baffles or odd numbers of uniformly spaced, out- 
wardly protruding baffles can be used to erode the unmixed 
core. Even more unexpected is the finding that some chiral 
geometries-such as “bent stars”-may mix very differently 
according to the sense of rotation. 

It has been demonstrated as well that axial mixing in a 
drum mixer can be greatly enhanced by altering the protocol 
of motion of the drum. By wobbling the drum-sinusoidally 
moving the drum axis vertically-axial mixing rates can be 
increased by as much as a factor of 25. 

While the geometrical approach alone yields valuable in- 
sight into the mixing of granular materials, there are a 
number of effects which this technique fails to capture. Pre- 
cession is but one of the material-dependent mechanisms 
which cannot be incorporated in a purely geometrical de- 
scription of granular mixing. Similarly, particle segregation is 
not captured with this method either. However, by combining 
particle dynamics techniques with the geometrical approach 
-in essence, by focusing the particle dynamics simulation 
only where it is needed-a new hybrid method of mixer sim- 
ulation, which is both more accurate than the geometrical 
method and much faster than the particle dynamics method, 
can be achieved. This novel numerical technique can easily 
and quickly examine a wide range of particle properties, so 
that the relative importance of each can be easily assessed. In 
doing so, it may be possible to propose a criterion which will 
aid in determining a pn‘ori which combinations of material 
will be successfully mixed in tumbling containers. 
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Notation 
a = particle radius, m 

f,,, = elastic normal force, kg-m/s2 
k ,  = damping coefficient, kg/m - s 
L = characteristic length of a horizontal drum (half-length of the 

axis of rotation), m 
6= boundary layer width, m 

tIp = precession angle, degrees (degrees per time) 
F =  coefficient of friction 
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